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Mott transition in one dimension
T. Giamarchi a ∗
aLaboratoire de Physique Des Solides, U.P.S. Baˆt 510, 91405 Orsay, France
I review some of the results on the Mott transition in one dimensional systems obtained in [1–3]. I discuss the
phase diagram and critical properties of both Mott transitions at fixed filling and upon doping, as well as the dc
and ac conductivity. Application of these results to organic conductors is discussed.
1. Introduction
The Mott transition is one of the most fascinat-
ing phenomenons arising from electron-electron
interactions, and occurs in a wide range of mate-
rials [4]. In fact two different Mott transitions ex-
ist: one can either stay at a given (commensurate)
filling and vary the strength of the interactions (I
call this transition Mott-U and it occurs in e.g.
vanadium oxides or in organic (quasi-)one dimen-
sional systems), one can also keep the strength
of the interaction constant and dope the system
to move away from the commensurate density (a
Mott-δ transition, a situation realized in High Tc
superconductors or in quantum wires). Although
the basic underlying physics behind these tran-
sitions is by now well understood it has proved
incredibly difficult to tackle it in either d = 2 or
d = 3 due to our lack of tools to treat strongly
interacting systems [5]. In fact nearly all the
fine points of the transition, such as the critical
properties or the transport properties remain un-
known.
One dimension constitute a special case where
a rather complete study of the Mott transition
can be done. This offers special interest both
for theoretical and experimental reasons. From
a theoretical point of view, the effect of e-e inter-
actions is particularly strong and leads to a non-
fermi liquid state (the so called Luttinger liquid
(LL)). One can therefore expect drastic effects on
the transport properties of the system. From the
experimental point of view, both transitions at
constant doping and by varying the doping can be
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realized, e.g. in organic conductors [6] and quan-
tum wires [7] or Josephson junction networks [8].
Although the thermodynamic properties of the
Mott transition were understood a long time ago
for the Hubbard model, which was shown to be
a Mott insulator at half filling [9–11], very lit-
tle was known of the Mott-δ transition and of
the transport properties: a parquet treatment
gave the effective scattering [12] but was limited
to half filling and small (perturbative) interac-
tions, and only the zero frequency conductivity
(i.e. the Drude weight) could be computed by
Bethe-Ansatz for the particular case of the Hub-
bard model [13,14]). Recently a complete pic-
ture of both Mott transitions as well as a full
description of the transport properties σ(ω, T, δ)
for any commensurate filling, both for bosons or
fermions, was obtained [1–3]. In these proceed-
ings I will review some of these results. No deriva-
tion will be given and the reader is referred to
[1–3] for derivation as well as the complete ana-
lytical expressions, for the figures presented here.
Such a presentation is done in section 2 where
umklapp effects are presented and in section 3
where both the critical properties of the Mott
transition(s) and the transport properties are ex-
amined. In section 4 application of these results
to the physics of the organic materials is done.
2. Lattice effects and umklapp terms
In the continuum e-e interactions conserve mo-
mentum, and thus current, and cannot lead
to any finite conductivity as a consequence of
Galilean invariance. In the presence of a lat-
tice however the momentum need only to be con-
2served modulo one vector of the reciprocal lat-
tice, and such interaction process (named umk-
lapp process) can lead to finite resistivity. In a
fermi liquid, umklapps are responsible for the in-
trinsic resistivity ρ(T ) ∼ T 2.
In one dimension it was rapidly realized [10,11]
that umklapps are also responsible for the Mott-
U transition at half filling. Away from half filling
they are “frozen” due to the mismatch in momen-
tum, and are usually discarded as irrelevant: the
system becomes then a perfect metal. However
both for the transport properties and to study
the Mott-δ transition it is necessary to have a de-
scription of the umklapp processes even for finite
doping.
This can be achieved using the so called
bosonization representation, that uses that all ex-
citations of a one dimensional system can be de-
scribed in term of density oscillations [10,11,15].
The charge properties of a full interacting one di-
mensional system (excluding umklapp terms) is
therefore described by
H0 =
1
2pi
∫
dx uρKρ(piΠρ)
2 +
uρ
Kρ
(∇φ)2 (1)
where ∇φ = ρ(x), ρ(x) is the charge density and
Π is the conjugate momentum to φ. All the in-
teraction effects are hidden in the parameters uρ
(the velocity of charge excitations) and Kρ (the
Luttinger liquid exponent controlling the decay of
all correlation functions). This description (1) is
valid for an arbitrary one-dimensional interacting
system, provided one uses the proper u and K
(in the following I will drop the ρ index). In a
general way K = 1 is the noninteracting point,
K > 1 means attraction whereas K < 1 means
repulsion.
The umklapp process can also be given in terms
of boson operators [10,11]. In fact umklapps ex-
ist not only at half filling but for higher com-
mensurabilities as well by transferring more par-
ticles across the fermi surface (such processes are
generated in higher order in perturbation theory)
[3,16]. For even commensurabilities the Hamilto-
nian corresponding to the umklapp process is
H 1
2n
= g 1
2n
∫
dx cos(n
√
8φρ(x) + δx) (2)
where n is the order of the commensurability
(n = 1 for half filling - one particle per site; n = 2
for quarter filling - one particle every two sites
and so on). The coupling constant g1/2n is the
umklapp process corresponding to the commen-
surability n and δ the deviation (doping) from the
commensurate filling. g 1
2
corresponds to one par-
ticle per site (half filling) For simple models such
as the Hubbard model g 1
2
= U , but this does
not need to be the case for more general models
(see in particular section 4). For 1/4 filling and a
typical interaction U one has g1/4 ∼ U(U/EF )3.
Odd commensurability involves spin [16] but can
be treated similarly. Similar expressions can be
derived for the case of bosons [2]. It is therefore
remarkable that in one dimension H0 +H 1
2n
pro-
vides the solution to all Mott transitions, for all
systems and all (for particles with spin: even)
commensurabilities.
3. Mott transition(s)
Let us now examine the physical properties of
the Mott transitions close to a commensurability
of order n described by H0 +H 1
2n
.
3.1. Phase diagram
The Mott-U and Mott-δ transitions are rad-
ically different and lead to the phase diagram
shown in Figure 1.
The Mott-U is of the Kosterlitz Thouless type
[10,11] and occurs for a critical value of K, Kc =
1/n2 [3,16]. For half filling the transition point
is the noninteracting one (Kc = 1) but for higher
commensurability one reaches the Mott insulator
only for very repulsive interactions (for example
for quarter filling KUc = 1/4). In the metallic
phase the system is a LL, with finite compress-
ibility and Drude weight. The Mott insulator
has a gap in the charge excitations (thus zero
compressibility). At the transition there is a fi-
nite jump both in the compressibility and Drude
weight. The dynamical exponent is z = 1.
To study the Mott-δ transition it is useful [1] to
map the sine-gordon Hamiltonian H0 +H 1
2n
to a
spinless fermion model (known as massive Thiring
model [10,11]), describing the charge excitations
(solitons) of the sine-gordon model. The remark-
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Figure 1. Phase diagram close to a commensura-
bility of order n (n = 1 for half filling and n = 2
for quarter filling). U denotes a general (i.e. not
necessarily local) repulsion. µ is the chemical po-
tential and δ the doping. MI means Mott insu-
lator and LL Luttinger liquid (metallic) phase.
The critical exponent Kc and velocity u depends
on whether it is a Mott-U or Mott-δ transition.
able fact is that close to the Mott-δ transition the
solitons become non-interacting, and one is sim-
ply led to a simple semi-conductor picture of two
bands separated by a gap (see figure 2). This im-
age has to be used with caution since the solitons
are only non-interacting for infinitesimal doping
(or for a very special value of the initial interac-
tion) and has to be supplemented by other tech-
niques [1]. Nevertheless it provides a very appeal-
ing description of the LHB and UHB and a good
guide to understand the phase diagram and trans-
port properties. The Mott-δ transition is of the
commensurate-incommensurate type. The uni-
versal (independent of the interactions) value of
the exponents Kδc = 1/(2n
2) is half of the one of
Mott-U transition. Since at the Mott-δ transition
the chemical potential is at the bottom of a band
the velocity goes to zero with doping. This leads
to a continuous vanishing of the Drude weight
and compressibility. The dynamical exponent is
now z = 2. For more details see [1,3,16,17]. For
bosons, the phase diagram of figure 1 is well com-
patible with numerical results [18] and higher di-
mensional proposals [19].
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Figure 2. Lower Hubbard band and Upper Hub-
bard band. This concept can be made rigorous
in one dimension by mapping the full interacting
system to a massive Thiring model. Optical tran-
sitions can be made either within or between the
two “bands”.
3.2. Transport properties
Let us now look at the transport properties.
The full conductivity (real and imaginary part)
σ(ω, T, δ) can be found in [1–3] and we just ex-
amine here simple limits.
The ac conductivity (at T = 0) for δ = 0 is
shown in figure 3. In the Mott insulator σ is zero
until ω can make transitions between the LHB
and UHB. At the threshold one has the standard
square root singularity coming from the density
of states (see figure 2). For higher frequencies in-
teractions dress the umklapps and give a nonuni-
versal (i.e. interaction-dependent) power law-like
decay. Such a power law is beyond the reach of
the simple noninteracting description of Figure 2.
Away from commensurate filling (δ 6= 0) the
conductivity is shown in Figure 4 (only the case
where the half filled system is a MI is shown. For
the other case see [2]). Features above the Mott
gap are unchanged (the system has no way to
know it is or not at half filling at high frequen-
4D=2uK
σ
ω
2∆
ω
4n K-5
2
Figure 3. ac conductivity for δ = 0 for a com-
mensurability of order n. ∆ is the Mott gap. The
full line is the conductivity in the Mott insulator.
The dashed one is σ in the metallic regime. It
contains both a Drude peak of weight D and a
regular part.
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Figure 4. ac conductivity for δ 6= 0 for a com-
mensurability of order n. ∆ is the Mott gap. In
addition to the Drude peak of weight D the reg-
ular part has two distinct regimes.
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Figure 5. dc conductivity as a function of T . Full
line is for the Mott insulator, dashed line is in the
metallic regime. ∆ is the Mott gap.
cies). The two new features are a Drude peak
with a weight proportional to δ/∆, and an ω3
absorption [3] at small frequency. Features above
the Mott gap come from inter (hubbard)-band
transitions whereas they come from intra-band
processes below the Mott gap (see figure 2).
The dc conductivity can be computed by the
same methods and is shown in figure 5. Here
again the dressing of umklapps by the other in-
teractions results in a nonuniversal power law de-
pendence. If the interactions are repulsive enough
the resistivity can even increase as a function of
temperature well above the Mott gap.
Two universal behavior are expected: at the
Mott-U transition one has ρ(T ) ∼ T and σ(ω) ∼
1/(ω ln(ω)2), whereas at the Mott-δ transition
due to the different Kc one expects ρ(T ) ∼ 1/T .
All this results are completely general and ap-
ply to any one-dimensional systems for which ∆
is smaller than the scale above which all inter-
actions can be treated perturbatively (typically
U), a situation that covers most of the experi-
mentally relevant cases (see section 4). It is note-
worthy that the above results are also valid in
the presence not of umklapp processes but of a
simple periodic potential (the lattice corresponds
itself to a 4kF periodic potential). For a 2kF pe-
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Figure 6. Four important energy regimes for
quasi-one dimensional systems. In “pert.” every-
thing can be treated perturbatively. In “1D” the
interactions lead to the one dimensional physics,
and hopping from chain to chain is incoherent. In
“2D-3D” the hoping between chains is coherent.
The system orders in “Ordered”.
riodic potential transport properties are similar
to the one above with the replacement of 4n2Kρ
by 1 +Kρ.
4. Organic compounds
The above results have a direct application to
organic conductors. These compounds are 1/4
filled by chemistry but due to a slight dimeriza-
tion of the chain an half filled umklapp g1/2 ∼
U(D/EF ) also exists where D is the dimerization
gap, and U a typical strength of the interactions
[6]. Since D/EF is quite small the umklapp term
is much smaller than the other interactions lead-
ing to a quite small Mott gap (see e.g. [20] for a
numerical estimation of the parameters). There
is also a 1/4 filled umklapp g1/4 ∼ U(U/EF )3,
which is as we saw less relevant but can be de-
pending on the typical interaction U much larger
in magnitude than g1/2.
Since the organic conductors are only quasi-one
dimensional systems with a perpendicular hop-
ping integral t⊥ between the chains one can dis-
tinguish various domains in energy scale (tem-
perature or frequency) as shown in figure 6 The
most relevant questions being of course: what is
the strength of the interactions in these systems,
what is the scale for Tcr (the bare t⊥ or lower
[21]), and what is the physics below Tcr.
In the absence of t⊥ one expects therefore these
compounds to be Mott insulators. This is the case
for the TMTTF family that has indeed a conduc-
tivity [22] similar to the one of figure 5 (full line).
Indeed if ∆ > Tcr, one expects the Mott gap to
render the single particle hopping t⊥ irrelevant
(Ecr would thus not exist). This family should
be described by one-dimensional physics. Further
check of this can be provided by examination of
the optical (ac) conductivity, and comparing it
to figure 3. Measurements of the transverse con-
ductivity would also give information on the rel-
evance of the transverse hopping. Note that the
temperature dependence of the dc resistivity and
the frequency dependence of the optical conduc-
tivity provide a direct measure of the Kρ expo-
nent of the Luttinger Liquid and give therefore
crucial information on the importance of inter-
actions in such systems (the optical conductivity
has the advantage to be free from thermal expan-
sion problems). A naive fit in TMTTF would give
a value of Kρ ∼ 0.8, widely different from the one
of Kρ = 0.3 extracted from the NMR [23]. A way
to get out of this predicament could be that the
conductivity is in fact dominated by 1/4 filling
umklapp processes till very close to the Mott gap
giving
ρ(T ) ∼ g2
1/2T
4K−3+g2
1/4T
16K−3 ∼ g2
1/4T
16K−3(3)
but this point clearly deserves further investiga-
tion.
On the other hand, the TMTSF family shows a
rather good metallic behavior with a T 2 resistiv-
ity, indicating the importance of transverse hop-
ping. This is to be expected if ∆ > Ecr. There is
important controversy on the value of Ecr [24,25].
Regardless of the value of Ecr the physics for
(ω, T ) > Ecr will still be controlled by one dimen-
sional effects. Indeed For the TMTSF family the
optical conductivity [26] is very well compatible
with the figure 4. In particular the optical peak
can easily be interpreted in term of the Mott in-
sulator described here. Of course more detailed
comparison of the structure above the gap an in
particular a check for the power law decay of fig-
ure 4 would be worthy to do. The low energy
features and in particular the metallic behavior
are closer to the doped system rather than the
commensurate one. “doping” is not too surpris-
ing since if one particle hopping between chains is
6relevant, one expect small deviations to the com-
mensurate filling due to the warping of the Fermi
surface. One therefore expect a very small spec-
tral weight in the δ(ω) part. Since one has a clear
idea of the (purely) one-dimensional conductivity
(figure 4), a detailed comparison with experimen-
tal data should provide an indication on the value
of Ecr. The question on whether the physics be-
low Ecr is simply “fermi liquid” like [25] or still
retains some features of one-dimensionality and
interactions is still open. One way to settle this
issue is a detailed examination of the low fre-
quency part of the optical conductivity and mea-
surements of the transverse dc conductivity in
this regime. Another way would be to examine
the effects of impurities on the dc conductivity.
Indeed one expect drastic localization in a one
dimensional regime and very weak effects for a
FL [27].
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